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Abstract
In the context of the Randall-Sundrum braneworld, the minimal
geometric deformation approach, which has been successfully used to
generate exact interior solutions to Einstein’s field equations for static
braneworld stars with local and non-local bulk terms, is used to obtain
the braneworld version of the Schwarzschild’s interior solution. Using
this new solution, the behaviour of the Weyl functions is elucidated
in terms of the compactness for different stellar distributions.
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1 Introduction
The study on braneworld consequences in general relativity has been exten-
sively studied during the last years [1], [2]. However many unknowns remain
unanswered, within which the non-closure of the braneworld equations is un-
doubtedly one of the most important issues. To overcome this problem a
better understanding of the bulk geometry and proper boundary conditions
is required. Despite the fact that there is not a definitely answer to these
issues, there is an approach that allows to generate the braneworld version
of every known general relativistic solution, the so called minimal geometric
deformation approach (the minimal anisotropic consequence in the terminol-
ogy of Ref.[3]). This route has been successfully used in the astrophysics
context [4], allowing elucidate some aspects of the roll played by the Weyl
fluid inside a stellar distribution [5].
On the other hand, it is well known that the Schwarzschild’s interior
metric is the only stable solution for a bounded distribution [6] which fits
smoothly with the Schwarzschild exterior metric. Therefore the study of this
interior solution in the braneworld context represents a scenario of great inter-
est. Indeed, in the pioneer work of Germani and Maartens [7] the braneworld
generalization of the Schwarzschild’s interior solution was reported, but only
high energy corrections were considered, leaving out the analysis of the effects
of Weyl functions inside uniform distributions. Unfortunately, so far there
has not been possible to build a consistent braneworld version of this interior
solution when a Weyl fluid is considered along with high energy corrections,
mainly because the non-close and non locality problems complicate tremen-
dously the braneworld scenario. The existence of such a solution would be
very useful to elucidate the role played by Weyl fluids inside uniform stellar
distributions.
In the context of uniform stars in the braneworld, it is also important to
note that the collapse of a homogeneous star leads to a non-static exterior
solution [8]-[11]. Indeed, Govender and Dadhich [10] proved that a collaps-
ing sphere on the brane radiates, and they shown that the exterior for this
radiative sphere can be described by a Vaidya metric that envelops the col-
lapsing region. However, in this work only static uniform distributions will
be considered, leaving aside for now the analysis of gravitational collapse.
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In this paper a consistent version of the Schwarzschild’s interior met-
ric is build in the context of the braneworld, where local bulk terms (high
energy corrections) and non-local bulk terms (bulk Weyl curvature contribu-
tions) are considered. Using the minimal geometric deformation approach,
all problems associated with the searching of braneworld solutions are over-
come. The solution found is used to describe in detail the behaviour of both
Weyl function, namely the scalar U and the anisotropy P, inside the stellar
distribution, showing thus that in general both of them are proportional to
the compactness of the stellar distribution. It is shown that the behaviour of
the Weyl functions inside the stellar distribution may be easily interpreted
in terms of the geometric deformation undergone by the radial metric com-
ponent due to five dimensional effects. Also, it is shown that it is possible to
obtain a model where the pressure is increased by five dimensional effects,
which represents a different result from other braneworld solution [7], where
non-local terms were considered, thus showing that the bulk Weyl curvature
contributions have important consequences.
2 Field equations and the minimal geometric
deformation approach.
The effective Einstein’s field equation in the brane can be written as a mod-
ification of the standard field equation through an energy-momentum tensor
carrying bulk effects onto the brane:
Tµν → T Tµν = Tµν +
6
σ
Sµν +
1
8pi
Eµν , (1)
here σ is the brane tension, with Sµν and Eµν the high-energy and non-local
corrections respectively.
Using the line element in Schwarzschild-like coordinates
ds2 = eν(r)dt2 − eλ(r)dr2 − r2
(
dθ2 + sin 2θdφ2
)
(2)
in the case of a spherically symmetric and static distribution having Weyl
stresses in the interior, the effective equations can be written as
e−λ = 1− 8pi
r
∫ r
0
r2
[
ρ+
1
σ
(
ρ2
2
+
6
k4
U
)]
dr, (3)
3
8pi
k4
P
σ
=
1
6
(
G11 −G22
)
, (4)
6
k4
U
σ
= −3
σ
(
ρ2
2
+ ρp
)
+
1
8pi
(
2G22 +G
1
1
)
− 3p (5)
p1 = −ν1
2
(ρ+ p), (6)
with
G11 = −
1
r2
+ e−λ
(
1
r2
+
ν1
r
)
, (7)
G22 =
1
4
e−λ
[
2ν11 + ν
2
1 − λ1ν1 + 2
(ν1 − λ1)
r
]
. (8)
where f1 ≡ df/dr and k2 = 8pi. The general relativity is regained when
σ−1 → 0 and (6) becomes a lineal combination of (3)-(5).
The Eqs.(3)-(6) represent an indefinite system of equations in the brane,
a problem that essentially is represented by the fact that there is only one
equation, that is, the conservation equation (6), to find three unknown func-
tions {p(r), ρ(r), ν(r)}. Hence to close the system in the brane we have to
consider some restrictions. However this is an open problem for which the
solution requires more information of the bulk geometry and a better un-
derstanding of how our 4D spacetime is embedded in the bulk. Despite the
above, it is possible to generate the braneworld version of every general rel-
ativistic solution through the minimal geometric deformation approach (or
minimal anisotropic consequence), as explained briefly next (all details are
shown in [3]).
The first step is to pick up a known solution {p(r), ρ(r), ν(r)} to Eq.(6).
Thus the problem is reduced to solve the integral differential equation for the
geometric function λ(r) shown in Eq.(3). To accomplish this the following
solution is proposed
e−λ = 1− 8pi
r
∫ r
0
r2ρdr + (Bulk effects), (9)
that is
e−λ = 1− 8pi
r
∫ r
0
r2ρdr︸ ︷︷ ︸
µ
+ Geometric Deformation. (10)
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The unknown geometric deformation in (10) should have two sources: extrin-
sic curvature and five dimensional Weyl curvature, hence it can be written
as a generic f function
e−λ = µ+ f (11)
which at the end will have the form
f =
1
σ
( high energy terms) + non local terms. (12)
Finally the solution to the integral differential equation (3) is found to be
e−λ = 1− 8pi
r
∫ r
0
r2ρdr + e−I
∫ r
0
eI
(ν1
2
+ 2
r
)
[
H(p, ρ, ν) +
8pi
σ
(
ρ2 + 3ρp
)]
dr
︸ ︷︷ ︸
f
,
(13)
with
I ≡
∫ (ν11 + ν212 + 2ν1r + 2r2 )
(ν1
2
+ 2
r
)
dr (14)
and the function H(p, ρ, ν) defined as
H(p, ρ, ν) ≡
[
µ1(
ν1
2
+
1
r
) + µ(ν11 +
ν21
2
+
2ν1
r
+
1
r2
)− 1
r2
]
− 8pi3p. (15)
In order to recover general relativity, the following condition must be satisfied
limσ−1→ 0
∫ r
0
eI
(ν1
2
+ 2
r
)
H(p, ρ, ν)dr = 0, (16)
but this constraint is automatically satisfied by every general relativistic
solution, since each of these solutions satisfy the constraint
H(p, ρ, ν) = 0. (17)
On the other hand, when the constraint (17) hold, the anisotropy induced
onto the brane due to the geometric deformation undergone by λ(r) may be
written as
48pi
k4
P
σ
= (G11 −G22) | 1
σ
=0︸ ︷︷ ︸
=0
+f ∗(
1
r2
+
ν1
r
)− 1
4
f ∗(2ν11+ν
2
1 +2
ν1
r
)− 1
4
f ∗1 (ν1+
2
r
),
(18)
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where
f ∗ =
1
σ
( high energy terms) + non local terms︸ ︷︷ ︸
=0
(19)
is the minimal geometric deformation, whose explicit form may be seen by
(13) as following
f ∗ =
8pi
σ
e−I
∫ r
0
eI
(ν1
2
+ 2
r
)
(
ρ2 + 3ρp
)
dr. (20)
The expression (20) represents a minimal geometric deformation in the sense
that all sources of the geometric deformation f have been removed except
those produced by the density and pressure, which are always present in a
stellar distribution1. It is clear that this minimal deformation will produce a
minimal anisotropy onto the brane.
3 The Schwarzschild’s solution in the braneworld
Let us construct the braneworld version of Schwarzschild’s solution using
the approach describe in the previous section. The general Schwarzschild’s
interior solution in general relativity is given by
eν =
(
A− B
√
1− r2/C2
)2
, (21)
e−λS = 1− r
2
C2
, (22)
ρ =
3
8piC2
, (23)
and
p(r) =
ρ
3

3B
√
1− r2
C2
− A
A− B
√
1− r2
C2

 (24)
where A, B 2 and C are constants to be determined by matching conditions.
Using the condition 3 p = 0 at the stellar surface r = R, the following
1An even minimal deformation is obtained for a dust cloud, where p = 0.
2The value B = 1
2
is not necessary true for braneworld stars, as there are many possible
exterior solutions.
3This condition can be dropped for braneworld stars [12], [13]
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relationship among A, B and C is found
A = 3B
√
1− R
2
C2
, (25)
yielding
eν = B2

3
√
1− R
2
C2
−
√
1− r
2
C2

2, (26)
and
p(r) = ρ


√
1− r2
C2
−
√
1− R2
C2
3
√
1− R2
C2
−
√
1− r2
C2

 (27)
The expressions (23), (26) and (27) automatically satisfy the constraint
(17), and the bulk effects on them are found through the matching conditions.
On the other hand, the braneworld version for the radial metric component
(22) is obtained using (23), (26) and (27) in (13), leading to
e−λ(r) = 1− 2m˜(r)
r
, (28)
where the interior mass function m˜ is given by
m˜(r) = m(r)− 1
σ
9 r
16pi C4
g(r), (29)
with m(r) being the general relativity interior mass function, given by the
standard form
m(r) =
∫ r
0
4pir2ρdr =
r3
2C2
, (30)
and
g(r) = e−I(r)
∫ r
0
eI(r
′) r′ (1− r′2/C2 )
3 r
2
C2
− 2 + 2γ
√
1− r2
C2
dr′, (31)
where
γ ≡ 3
√
1− R
2
C2
(32)
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and I is given by Eq. (14), which in general may be written as
I = ν + ln
(
ν1
2
+
2
r
)2
+ 6
∫
dr
r2
(
ν1
2
+ 2
r
) . (33)
In this case
e
6
∫
dr
r2( ν12 + 2r) =

 γ − 3
√
1− r2
C2
+
√
3 + γ2
−γ + 3
√
1− r2
C2
+
√
3 + γ2


−
γ
2√
3+γ2 r3
C3√
3 r
2
C2
− 2 + 2γ
√
1− r2
C2
(34)
The total general relativity mass is obtained through (30), leading to
M ≡ m(r) |r=R= R
3
2C2
. (35)
Using (4) and (5) the interior Weyl functions are written as
P(r) = 1
6C4r2
(
1− r2
C2
)√
1− r2
C2
(√
1− r2
C2
− γ
)(
3 r
2
C2
− 2 + 2γ
√
1− r2
C2
)2

9r2(1− r
2
C2
)2

6 r4
C4
− (7 + 2γ2 − 7γ
√
1− r
2
C2
)
r2
C2
+ 2 + 2γ2 − 4γ
√
1− r
2
C2


+18 g(r)

36 r8
C8
− 3

31 + 11γ2 − 20γ
√
1− r
2
C2

 r6
C6
+

88 + 82γ2 − 121γ
√
1− r
2
C2
− 6γ3
√
1− r
2
C2

 r4
C4
−

37 + 67γ2 − 4γ(20 + 3γ2)
√
1− r
2
C2

 r2
C2
+6

1 + 3γ2 − γ(3 + γ2)
√
1− r
2
C2





 (36)
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and
U(r) = 1
12C4
(
1− r2
C2
)√
1− r2
C2
(√
1− r2
C2
− γ
)(
3 r
2
C2
− 2 + 2γ
√
1− r2
C2
)2

9
(
1− r
2
C2
)−3 r6
C6
+

11− 8γ2 + γ
√
1− r
2
C2

 r4
C4
−4(γ2 − 1)

γ
√
1− r
2
C2
− 3

 r2
C2
+ 4(γ2 − 1)

γ
√
1− r
2
C2
− 1




+36
g(r)
C2
(5− 3 r
2
C2
)

−3 r4
C4
+

5 + 2γ2 − 5γ
√
1− r
2
C2

 r2
C2
−2(1 + γ2) + 4γ
√
1− r
2
C2



 . (37)
Even though both Weyl functions have complicated expresions, it is possible
to identify some general features. For instance, when the limit r → 0 is
taken we have
U(0) = − 3
4C4
γ + 1
γ − 1 , (38)
hence we may see clearly a divergence at the origen when γ = 1. Then using
Eq. (32) and Eq. (35) it is found that this divergence is produced when
M
R
=
4
9
, (39)
obtaining thus the well known general relativistic upper bound for the com-
pactness limit of the star. Hence it may be seen by Eq. (38) that U(0) is
always negative, otherwise γ < 1 would mean M/R > 4/9, which is not al-
lowed by general relativity. Likewise, since thatM/R < 4/9 then C > 3
√
2
4
R,
thus r/C < 1. Moreover, a numerical analysis on the function g(r) shows
that it is always positive. All this is useful to analyze the complicated expre-
sions for both Weyl functions shown in Eq. (36) and Eq. (37). For instance,
it is found that the U(r) function is allways negative, except close to the sur-
face of stellar distributions with a compactness near the limit (39), as shown
in figure 2 for R = 5 and C = 5.4 (M/R ≈ 0.42).
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On the other hand, the anisotropy P(r) has an aparent divergence at
r = 0 due to the factor g(r)/r2 in its expression. However using l’Hopital’s
rule it is found that
lim r→ 0
g(r)
r2
=
1
6(γ − 1) , (40)
hence P(0) = 0 is obtained, in agreement with the expression given by Eq.
(18). Figure 1 shows the behaviour of the anisotropy P inside the stellar
distribution for different densities. It can be seen that the anisotropic stress
is proportional to the density: the most compact distribution undergoes a
higher anisotropic effect. This behaviour is easily explained in terms of the
source of the anisotropy, which is nothing but the geometric deformation
undergone by the radial metric component, explicitly shown through the
solution (13). When H = 0 is imposed, the only source for the geometric
deformation are the high energy terms presented in the expression (13), which
are quadratic terms in the density and pressure. Hence the higher the density
is, the more geometric deformation will be produced, and in consequence the
anisotropy induced will be higher for more compact distributions. However
this situation changes near the surface, where a switched behaviour can be
seen due to matching conditions. Also it can be seen that the anisotropy
increases from the surface until reaches a maximum values, then decreases
until P = 0 at r = 0, in agreement with the explained in terms of geometric
deformation, which is given explicitly by Eq. (20).
On the other hand, figure 2 shows the scalar Weyl function U for the
three distributions considered in figure 1. This function is more negative for
more compact stellar objects except for external layers. This means that
high energy terms always dominate on anisotropic terms, which are the two
sources for U , as can be seen through Eq. (5), and that this domain, which
always decreases for external layers, is reduced even more for more compact
distributions. Indeed, as already mentioned, the U scalar function may be
positive close to the stellar surface if the object has a compactness near to
the limit permitted by general relativity. Next the matching conditions are
analyzed.
There are many interesting vaccum solutions in the braneworld. For in-
stance, the solution found by Dadhich, Maartens, Papadopoulos and Rezania
(DMPR) in Ref. [14] and the one obtained by Casadio, Fabbri and Mazzacu-
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rati in Ref. [15] were recently sucesfully considered in the solar system tests
by Bohmer, De Risi, Harko and Lobo [16]. In this paper the DMPR solution,
given by
eν
+
= e−λ
+
= 1− 2M
r
+
q
r2
, (41)
U+ = −P
+
2
=
4
3
piqσ
1
r4
, (42)
is considered as the exterior solution. Hence when the matching condition
[ds2]Σ = 0 at the stellar surface Σ is used, we have
4B2
(
1− R
2
C2
)
= 1− 2M
R
+
q
R2
, (43)
2M
R
=
2M
R
− 1
σ
9 g(C)
8pi C4
+
q
R2
, (44)
q
R2
=
1
σ
−3R2 (−1 + 64 pi2) (8C4 − 15C2R2 + 7R4)
1024C4 pi3 (4C4 − 7C2R2 + 3R4)
+
1
σ
g(C) [−768C4pi2 + C2 (−5 + 896pi2)R2 + 3 (1− 64 pi2)R4]
1536pi3 (4C4 − 7C2R2 + 3R4) ,
(45)
with g(C) ≡ g(R). The constants M and q are given in terms of C through
equations (44) and (45) respectively. Using the Eq. (35) the matching con-
dition (43) can be written as
4B2
(
1− R
2
C2
)
=
(
1− R
2
C2
)
+
1
σ
9 g(C)
8pi C4
. (46)
There is not way to obtain any eventual bulk effect δ C on C → C + δ C
through the matching condition (46). However the expression (46) shows
that B has been modified by bulk effects as
B(σ) =
1
2
+
1
σ
1
1− R2
C2
9 g(C)
32 pi C4
+O(σ−2). (47)
Since both the density and pressure depend only on the constant C, but not
on B, there are no bulk consequences on them in this solution.
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As was already mentioned, there are not five dimensional effects on the
pressure or density in this solution. This is because the free parameter C has
no bulk correction in the form C + δ C, as may be seen through Eq. (46).
However there is a way to obtain the bulk correction δ C and in consequence
the five dimensional effects on the pressure and density as explained next.
Let us start from the relationship among the parameters A, B and C given
through Eq. (25). If A is considered as a constant which is not modified by
five dimensional effects, that is, δ A = 0, then necessarily there is a correction
δ C on C due to the correction δ B on B shown in (47), which is written as
δ C = −2C
3
R2
(
1− R
2
C2
)
δ B, (48)
thus δ C is finally written as
δ C = −1
σ
9
16 piC R2
g(C). (49)
A numerical analysis on g(C) shows that it is always positive, hence δ C < 0.
Figure 3 shows a qualitative comparison of the pressure in general relativity
and braneworld when δ A = 0 for the Schwarzschild’s solution. It may be seen
that the behaviour of the pressure under five dimensional effects is different
from other braneworld solution with uniform densities [7], where internal
non-local Weyl functions were not considered, thus showing that these non-
local effects play a relevant role inside the stellar distribution.
4 Conclusions and outlook
In the context of the Randall-Sundrum braneworld, a consistent version of
the Schwarzschild’s interior metric was constructed, where local bulk terms
(high energy corrections) and non-local bulk terms (bulk Weyl curvature
contributions) were considered. Using the minimal geometric deformation
approach, all problems associated with the searching of braneworld solutions
are overcome. Indeed, both Weyl interior functions were obtained, showing
that in general both of them are proportional to the compactness of the
stellar distribution. In the case of the anisotropy stress P it was found that
12
it is proportional to the density. This behaviour was explained in terms of the
geometric deformation undergone by the radial metric component: the higher
the density, the more geometric deformation is produced inside the stellar
distribution, and in consequence the induced anisotropy is higher for more
compact distributions. On the other hand, it was found that the Weyl scalar
function U is always negative inside the stellar distribution. This behaviour
means that the geometric deformation producing anisotropic effects, which
is a positive source for U , is not high enough to dominate the negative source
of U produced by high energy terms inside the distribution. However this
behaviour may change close to the surface if the compactness of the stellar
distribution is near to the maximum value permitted by general relativity.
It was also shown that there are no bulk effects on the pressure or density
in this solution. However, fixing a free parameter (δ A = 0) makes it possible
to obtain the bulk effects (δρ, δ p) on the density and pressure, showing that
the pressure is increased by five dimensional effects when non-local terms are
considered in uniform distributions, which represents a different result from
other braneworld solution [7], where only high energy modifications were
considered, thus showing that the bulk Weyl curvature contributions have
important consequences.
In this work the minimal geometric deformation was used in the context
of the Randall-Sundrum theory with Z2 symmetry. This approach might
be extended in the case of braneworld theories without Z2 symmetry or any
junction conditions, as those introduced in [17] and [18], which have been suc-
cessfully used in the astrophysics context [19]. Another subjects of interest
is the use of this approach in brane theories with variable tension, as intro-
duced by [20] in the cosmological context, and the study of codimension-2
braneworld theories, as those developed in [21] and [22]. A possible extension
of this approach in all these theories is currently being investigated.
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Figure 1: Behaviour of the anisotropy P(r) inside the stellar distribution
with R = 5.
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Figure 2: Behaviour of the scalar Weyl function U(r) inside the stellar dis-
tribution with R = 5.
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Figure 3: Qualitative comparison of the pressure p(r), in general relativity
(lower curve) and in the braneworld model (upper curve) with δ A = 0.
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